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The electron-electron interaction which is crucial in determining whether new phases will arise or not in
polyacene is investigated by means of the renormalization group. This approach is valuable to effectively
include, from the view-point of the group theory, the higher order diagrams not taken into account in the
random phase approximation of the previous work. It is found that there is a range of coupling constants where
the singlet superconducting phase without simultaneous CDW ordering can be expected.

In the previous papers,! we have treated the elec-
tron-electron interactions in polyacene from the view-
point of the random phase approximation. The sys-
tem under consideration is, concretely speaking,
composed of the one-dimensional polyacene skeleton
(called spine) with suitable side chains. These are
composed of, for instance, the dye molecules with
several carbon atoms and several n-electrons.

The mechanism of phase change in our case is
manipulated in terms of the highest valence band (v)
and the lowest conduction band (c). The electron-
electron interactions in these bands are treated to be
screened as follows. We must consider two sources of
screening. One is due to the excitation from the lower
valence bands to the higher conduction bands inside
the spine. The other is due to the excitation in the side
chain. The former plays a role to reduce the long
range Coulomb repulsion to a short range potential,
while the latter produces attractive interaction in the
spine. We assume that these two mechanisms of
screening can be treated independently. In order to
make the superconductivity advantageous, we attempt
to optimize the side chain composition in the follow-
ing manner. Replacing the carbon in the side chain by
nitrogen, or replacing hydrogen by a suitable substitu-
ent group, we can make the transition amplitude
between the highest occupied and lowest vacant orbi-
tals as large as possible. This procedure leads possibly
to the largest attractive interaction in the spine as
expected.

Thus we might conclude that the superconducting
phase be possible in this system, though an anxiety
that other phases of CDW or SDW ordering over-
whelm the superconducting phase remains.

As is mentioned above, the screening effect inside
the spine is independent of that of the side chain, so
that interference between them is disregarded. This
last phenomenon seems to work unfavorably for the
screening. One of the traditional approaches relies on
the random phase approximation. It adopts only the
ring diagrams, treating that various processes of sca-
ttering channels independently. In order to make up

for these imperfections, we employ the method of
renormalization group,?? as one of the exellent tech-
niques to consider the interfering channels self
consistently.

This method will be, in a considerably detail, ex-
plained in Appendix and expressed in a form suitable
for the present problem. Here we outline the result,
which is enough to proceed with the following analysis.

The Dyson equation is invariant under a multiple
renormalization of Green’s function and coupling
parameter (see Eq. A.3). Due to this invariance a com-
plicated scaling procedure leads to a concept of the
invariant coupling satisfying a functional equation,

gi()’, u, g)=gi(y/t’ u/t, é(t) u, g))’ (1)

where y and u are parameters with the dimension of
energy, and g is the set of original couplings, {g;}. In
order to provide practical facilities, Eq. 1 is translated
to a differential equation,

Yoy
To solve the above equation, we begin with estimating
the right-hand side of Eq. 2 by means of the perturba-
tion theory. Then, if g; is obtained as a solution of Eq.
2, it must satisfy the group theoretical condition of the
renormalization group. We can convince that through
this procedure the renormalized coupling parameters
are improved better than in the simple random phase
approximation. These in turn provide various
response functions within the same renormalization
scheme.

y -2 40,u,0)= % In A u/y, (v, 1, @) |e=t ,  (3)

igi(%%g)=%gi(f,u/%g(l, usg))|$=l. (2)

where 4 1is the external vertex.

Invariant Coupling, Application to
the Case of Polyacene

Preliminarily, we observe the singular behaviour of
the perturbation series in the case of polyacetylene and
compare it with that of polyacene, which plays an
important role in discussing the ground state of the
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systems. As is well known,*% the terms in the pertur-
bation series which become divergently large as the
temperature is lowered are, in the case of polyacety-
lene:

I. gln(T/D),{gn(T/D)}, -, {gIn (T/D)}", -,
II. g2In(T/D), gigIn (T/D)}, -,
III. ¢3In (T/D), g8g In (T/D)}, -,
...... N (4)

where D is the band width of the conducting =-
electrons. The series I 1s the most divergent terms,
II and III, --- being the next and further lower diver-
gent terms. Similar behaviours of the perturbation
series are well-known in another field of physics,
e.g., in the case of the Kondo effect®” and QED.? If
we take into account only the most divergent series
(I), the summation of series diverges at the mean-
field critical temperature, T.. If we do the next
divergent series (II), the sum diverges only at the
temperature of absolute zero.¥ This aspect is con-
sistent with the theorem of absence of any phase
change in a purely one-dimensional system at a
finite temperature.

In the case of polyacene, however, the divergent
series are not logarithmic but are classified as!

L g(T/t)—l/z’ ] {g(T/t)_l/z}": ot
II. g¥T/t)""2, -, glg(T/t)"V2}n, -,
...... . (5)

The divergent character of this series are governed by
the power law thus stronger than in the case of
polyacetylene. The perturbation calculation based on
the above classification becomes less accurate than the
logarithmic problem. However, the renormalization
group theory is still a convenient method to improve
the perturbation method and obtain a qualitatively
correct result.

It is noted that the most divergent series arises only
in the correction of the vertex function, I. Zeroth
order vertices are given by,!

"

Fig. 1. Various electron-electron scattering ampli-
tudes. The solid line represents the v-state, the dotted
line the c-state and the wavy line the electron—electron
interaction.
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O — g1(6a86B7 - 6a7658);

aBfyd
F(O)Zlg;8 = gg(tsa&aﬁv - aayaﬁa):
T Oue = 2(g30a508y — g40aydps), ®)

where v and ¢ denote valence and conduction bands
lying closest to the Fermi surface, respectively. a—~é
are spin indices. The electron-electron interactions
g1—g4 are shown schematically in Fig. 1.

The complete vertex function, I" is defined in terms
of the two-particle Green’s function as

I
Gagys (X1, X2, X3, X4)

= — < TWu(x)%s(x2) ¥ (x3)%5 (%) S > comn
= Ggp(x1, x3)Gge(x2, x4) — Gas(x1, x4) Ggy(x2, X3)

+ fdbo—du 3 G, ) G 30)
X Lygys (%1, X2, X3, x4) Gy (x3, X3) Go's (x4, X4),  (7)

where Gq is the electron propagator and
Goo = 8aaG. (8)

As the lowest order correction, the renormalized I”
involves the contributions described by (a)—(j) in Fig.
2. Here we present in detail, as an example, a deriva-
tion of (a) type correction in Fig. 2: Consider the
second order term in the expansion of S in Eq. 7, and
take the constructions which give the diagram of Fig.
2(a). Then, we have

0G" (b1, p2, b3, ps)

1 1\?2 7347 0)vvvy
- <— 74‘) [ avarrogg row .,

X <Tdvp|a(tl)avpzﬁ( tZ)
X a8 ()8 ()8 5 ()
(t”)a+ (t//)a

-+
Xt vt )80 g0

X (t3)(t0) > ©

Y4 "
iy L) ot

=1 'de”’ (0y
=5 [avarroms row 8, 8y,

X Gog,(t'—t")Gugy(t'—t")
X Gup (1=t ) Gop(ta—t")Gup,(t"—t3) Gup,(t"—ty). (9a)

In Eq. 9, the summation with respect to primed varia-
bles are implied. The unprimed momentum variables
are subjected to the condition of the conservation. In
order to get Eq. 9a four procedures (i)—(iv) are needed.
(1) Two annihilation operators representing incoming
lines are combined with the succeeding creation opera-
tors to yield propagators. (ii) The last four propaga-
tors yield propagators similarly. These four propaga-
tors expressed in the last line of Eq. 9a correspond to
the external four lines in Fig. 2(a). (iii) The two propa-
gators with momenta, g; and g, are constructed from
the remaining four operators (The summation with
respect to g; and g, is also omitted for simplicity.). (iv)
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Fig. 2. Various second order corrections to I

The equivalent terms are counted in following
manner. The procedures (i)—(1i1) are doubly possible,
and further we can exchange wholly the singly primed
terms for the doubly primed terms. These four proce-
dures result in yielding sixteen equivalent terms. If we
insert, in the integrand, &(te»—t1’) together with an
integration with respect to tg, we can arrange Eq. 9a in
the form of Eq. 7, obtaining

3@ = — T 2Gu(a)Gulan I T4
=~ (8a608y — Saydps)g1 I (10a)

where, for example, g, denotes both frequency and
momentum in short.

Other contributions denoted by Fig. 2 (b)—(j) are
given in the following:
T3 () = 5 TRC (a0 (@) e %55
= — (8as0py — OayOps)g2 11", (10b)
wn©) = - T 2Ga)Gula) M igr s
= (8asdpy — Baydps)g18211", (10c)
Tgsd) = — TZG (91) G (q2) T Oigr %gry
== (8asOpy — ayOps)€18211", (10d)

Iis(@ = - TRGe(a) Gulad 5 I 25

= — é— {82830ay8p5 + 8284 (8asBpy — SuyOps) }IT¥<,

(10e)
Toprs ) = Iips(©) (10
5 ® = 5 TRG(a)Gul@) T %55 T

1
= 7 {gzgsaaﬁ'sB‘y — 8284 (0a68py — 8a,0p5) }II¥*, (10g)
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Ioes ) =T (), (10h)
veve — (O)vvee (O)yvvee
s (1) =TXGAq1)GAqe) T8 s O
= 892800511, (10i)
veve fry — O)vau: (O)th
Iiars () =TEGAq)Guge) T, T O
={283(83784)0as0pyHg4"0ar0ps} I, (103)

It can be shown that I'’s given in the above equa-
tions depend not only on frequency and momentum of
the external line but also on temperature in general.
But if every momentum and frequency concerned are
much smaller than temperature, I'’s are allowed to be
functions only of temperature. We are concerned with
this special case in the following analysis. When:ce

w=—I"=L(T) (11)
with
VA 1
L(T) = — R 12
(T) IGE anip, (12)
where
_ 1 “ dx
Z= (27:)1/2/(;x1/2cosh2x ’ (13)

In Eq. 12, p. is the cut off momentum which is smaller
than the Fermi momentum (namely ¢p.~t). If temper-
ature is smaller than any of the other variables, T in
Egs. 11 and 12 must be understood as the largest of
them. At T=t, we can see

L(T)=0. (14)

Contrariwise, we should in advance adjust p. so that
Eq. 14 is held. As the contribution from the region,
|p|>p., is nonsingular, we can start with the initial
coupling parameter g.

Thus we can express the coupling terms, corre-
sponding to those in Eq. 6, as

rm& = glrl(aaﬂaﬂ-y - 65.7655),

T s = 82l a(8apdpy — 8ay o),
I s = €3l30a50py — g4l 40ayOps- (15)
In Table 1, we have tabulated the contributions of Fig.

2(a)—())-
For the sake of convenience, we express every g; in
unit of the transfer integral t:

gi/t—gi. (16)

Then we have

L(T) > —\/t/ - L \/t/D (17)

L(T) vanishes at T=t as required by Eq. 14. The con-
dition leads to

D=t/(nZ)". (18)

If we remember D=¢p.?, the above requirement deter-
mines the cut-off parameter p.. For the later conven-
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Table 1. Coupling Terms Versus Diagrams
g’ Diagram  Contribution Total

el (a) —g2L(T) —(g1*+gA)L(T)
(b) —g*L(T)
(c) —€18L(T)
(d) —218:L(T)

@l (e) 82(—2g1—g31+2gy)L(T)
(£ —82(83—2g4)L(T)
(8)
(h)

g3l3 ) —2g3(g3—g4)L(T) —2g3(g3—84)L(T)

gl (1) g’ L(T) (g2+g#)L(T)
@) gL(T)

ience, it is better to introduce a parameter k to rewrite
Eq. 17 as

L(T) = QL”W/(KT) —ViD |, 19)

with
L(t)=0. (20)

Now we try to get the invariant coupling g;. Aslong
as we work within the most divergent approximation,
the Green’s functions are not renormalized (d=1 in
Eq. A.4). But the electron-electron interaction should
be:

gi=gliy, w, g 21
where, as mentioned in the previous section,
y=T/ u=t/A. (22)
As to gy, consulting Table 1, we have
Si=g1— (g’ + &)Ly, u, g) (23)
with
Ly, u @ = 5= V&) — Vufw | . @)
where
w=D/A. (25)

Thus we have an explicit expression for the differen-
tial equation of the renormalization group, Eq. 2. Its
right-hand side is

%gl (E’ U/)’, é(y7 u, g))
= 2 (8@ D 5 WP/ 08 Vi |] e
= o Vufey) @+ ). (26)
Then Eq. 2 becomes
Y8 = o Ul @+ &) @7)
Transforming the variable as
L e = x, (28)
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we can rewrite Eq. 27 as

9 ~ Yy =
a_xgl = —(&+8gd. (29)

Similar procedures are applicable to g,—g, to lead to

2 5= (-2 - &+ 2%, (30)
9 g= —25& - &) 31)
ox ’

92 g = g+ &t (32)
ox 4 2

Instabily in Polyacene, Renormalization
of the External Vertex

The external vertices in the case of polyacene are
corrected, up to the first order of Hin, as!

A1=1+(—g2—2g3t g)L(T),

4;=1+ (g2t g)L(T),

A3=1— (g1 T g)L(T), (33)
where A4, refers to CDW, 4, to SDW, and 4; to the
singlet superconductivity (SS). If we use Eq. 33 for 4,
of the right-hand side of Eq. 3, it follows that within
the most divergent approximation

A€ uly, &9, u, g)=1+(—&—28+ 8L u/y), (349
and from Eq. 24

Ligufy) = o 1Vultey) —/ufu’ | . (35)
Since we have set L as Eq. 14, it is seen that
L(1, u/y)=0, (36)

or from Eq. 35

L(, wy) = %{«/u/(w) —Jud | 37)
Thus Eq. 3 becomes
y% I = L/ufley) @&+2%—-&). (9
/4

Changing the variables as in Eq. 28, we get

Pl ~ ~ ~
9% mnd = — — 2 . 39
7% n /4, & g+ & (39)
In a similar way, we have
F) - -
2 ns- gt 40)
iln/l3=—§1—‘§2' (#1)
x

Relations obtained in Egs. 29—32 and in Eqgs. 39—
41 are the same as those obtained by Kimura and
Mishima® by means of the parquet diagram sum.

Finally we should like to add a few comments about
approximations employed in the present treatment.
The typical higher order corrections not taken into
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Fig. 3. Typical higher order corrections to I

consideration can be expressed diagrammatically as
shown in Figs. 3(a) and (b). The diagrams in Fig. 3(a)
involve IT¥ twice (called overlap divergence), but those
in Fig. 3(b) only once. Therefore, their contributions
are proportional to g2L¥T) in the former and are pro-
portional to g?L(T) in the latter. If we use these dia-
grams to evaluate the right-hand side of Eq. 1, we
obtain (with some constants, a and b)

%tm + aBL2(¢, u/y, @) + bEL(E, w/y, )} et

= 2ag’L(1, n/y, g) L(é, u/y,8)le=1
~, 0
+ 68° S L& /Y &)le=1 . (42)
Here we use Eq. 36 to get
Eq. 42 = bg® %L(é‘, uw/y, 8leg=1 - (43)

Namely, the terms of overlap divergence, g"L™ (m=2)
have no effect on the renormalization equation (Eq. 1).
These have been implicitly taken into account when
the elementary divergent term (L) is input as an
initial term.

Next, we examine the approximation arising from
the condition that the cut-off parameter p. is set so that
the relation (36) is held. The polarization part is
expressed more exactly as

w — ("dg 1 2
v = | ox 9 tanh 5T

= L(T) + L(T), (44)
where
r.dg 1 &d
L(T) = [*S9 __ tanh =4
D = Joom 228 2™ 57 *+9)
with
&(5e) = tp?, (46)

and the residual part, L’ is analyzed as

, zdq 1 &
L'(T) = —L —— tanh —/— —
@ LG 25 M or

t.dg 1 hig

— —5ta

-0 2m 2 2T
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= [rda( L, nh-S0 _ 1 nn 8_3)
~t 27 2eq 2T  2¢) 2T
b 2w 2eq 2T 47)

+ 2

We can see that from the above expression, L’ is regu-
lar and a slowly varying function with respect to T.
Therefore, since it might be possible for us to choose g,
at the beginning, so as to include the effect from L’, IT
in Eq. 44 is well approximated only by L(T).

Solutions of Renormalization Equation

Our basic equations to look for the low-temperature
phases are Eqgs. 29—32 for g’s, and Egs. 39—41 for
A’s.

First, we observe that the equations are invariant
under the transformations

GiAg:, x—x/A, (48)

where A is an arbitrary constant.
The initial condition for g’s and 4,’s is given at
temperature T=t

§i=g,-, and 4,=1, (49)

according to Eq. 14. Because of the transformation
property, Eq. 48, any solution for a given set of the
values of g; can be scaled into the solutions for another
set of initial values Ag;.

We can obtain an analytic solution for Eqs. 29—32
only for the special case of g,=0.

1

81 = x_tl—?l_’
&=0,
5 &t
8 = =—7—

’ 284 — Cgy
oy — —1
S = e (50)

where
84

=92 - =4, 51

o 2 po (51)

Substituting the above into Eqs. 39—41, we obtain

1

Al:Cg3x+l ’
_ —1
AZ— g4x—l ’
1
= 52
A3 ax 1 1 (52)

The phase diagrams corresponding to the case are
shown in Figs. 4(a) and (b).

For the case of g,70, the renormalization equations
must be solved numerically. The resulting phase dia-
grams are shown in Figs. 4(c)—(i).
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Phase diagrams for various sets of gj. (a) and (b): Those for the

case of ga=0. (c)—(i): Those for g2#0, and gs/gz is 1.0, 0.5, 0.0, —0.5,
—1.0, —1.5, and —2.0, respectively. The coordinate axis for them is

shown on their right.

Conclusion

We have discussed the phase diagrams of the poly-
acene molecules in the framework of renormalization
group theory within the most divergent approxima-
tion. Under this approximation the instability of the
normal electronic state appears at a finite temperature.

Here, we must add some arguments for the justifica-
tion of the present method. One may take a skeptical
view about the validitiy of our results, considering that
the renormalization group method is applicable only
to a logarithmic singularity but not to a power low
case. Indeed, the applications of this method thus far
worked out have been fully successful for logarithmic
problems.2~® However, we stress that the procedure to
obtain the fundamental renormalization group equa-
tions is not grounded on or restricted within the loga-
rithmic behaviour of the perturbation series, as reviewed
in Appendix at some length. In the present problem,
the singular terms in the perturbation series for the
coupling constants are of the form

g§=g+Ag*L+BgL*+ Cg’L+--, (53)

where L is given by Eq. 19 and 4, B, and C are con-
stants. In our present analysis, we have taken only the
second term of the right hand side of Eq. 53. The next
order perturbation will give the third and fourth terms.
The third B-term belongs to the most singular class,
but does not contribute to the renormalization group
equation due to the condition, Eq. 20. The effect has
been included in the resultant solutions of that equa-
tion. Therefore, an overcounting of divergent dia-
grams does not occur. The situation is the same as in
the logarithmic case. Thus the present results are jus-
tifiable within the most divergent approximation. A
practical difficulty will arise to obtain the less diver-
gent series, the C and further terms. As discussed in
Ref. 1, the next divergent terms would lower the transi-

tion temperature to the absolute zero and shift the
phase boundary to some extent. The correct estima-
tion of these higher order terms is hard to manipulate
because of the stronger singularity in the present prob-
lem than the logarithmic case.

The most divergent approximation gives correctly
the behaviour of the dominant instabilities in the
temperature region higher than the mean field transi-
tion temperatre. As for the phase diagram the present
results are considered to be reliable at least qualita-
tively. In usual one-dimensional metals, it was found
that superconductivity and CDW tend to appear
simultaneously for the negative backward scattering.
In the present case, however, the result shows that
there is a wide range where nagative constants lead to
only the superconductivity phase. In this respect the
present system is expected to be more suitable to design
for superconductivity.

In conclusion, the electron-electron interaction can
lead to various type of ordered phases in the ground
state. Such a variety of ordered phases has been
observed in recent experiments about conducting
organic materials such as TTF-TCNQ and BEDT-
TTF where the states of superconductivity, CDW and
SDW are mutually correlated and competing. Our
result sheds some light on these phenomena. In this
connection, we note the overlapping or adjacent
appearance of superconducting and SDW states in our
phase diagram, which has been discussed as the para-
magnon effect in usual texts. By using the renormali-
zation group method within g-ology, we can predict
what kind of phase occurs for given interaction
parameters. In the present paper, we have considered
the interaction constants on the spine as parameters,
which are influenced by various complex effects such
as the screening by the g-electron on the spine of
polyacene and possibly, the interaction through the
side-chain which may be synthesized with various
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Fig. 5. Diagrammatic expressions for the self-energy -
and vertices. (a) Self-energy. (b) Bare vertex. (c) Full
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Fig. 6. Polyacene carbone skeleton.

designs. Therefore we can hope to get any phases in
the ground state, if side-chains are suitably modified.
The problem to analyze the effective interactions
including a screening effect and an excitonic processes
was discussed in our separate paper.?

As pointed earlier,1:19 the n-electron energy spec-
trum is similar for polymers with a bridged array of an
arbitrary number of polyacene skeletons (Fig. 6), i.e.,
the conduction- and valence bands are degenerate (or
almost degenerate) at the points k=xn. The present
theory applies equally to such a system. In the limit of
an infinite number of such skeletons, however, the
polymer tends to be system with a planar carbon lat-
tice. Even in this two-dimensional lattice the degene-
racy of two bands remains, but the one dimensional
van Hove singularity as treated here disappears, so that
T-'/2 singularity will be weakened to the one of In T.
For the latter case many of the qualitative features of
the present results remain unaltered. The detailed
analysis will be reported elsewhere.

Appendix. Renormalization Group

In this appendix we reformulate the renormalization
equations used in the text in a form suitable for the present
analysis.2® The Dyson equation for the Green’s function

G is written symbolically as
G=G"+G%G, (A. 1)

which is a matrix notation, and G9 is for one without inter-

action. The self-energy part, 2. is
3=gI'G+gI'GGGgTr, (A.2)

and it can be expressed diagrammatically as shown in Fig.
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5(a), where we extract the coupling g from the vertex part,
say, the bare vertex, gI"® and the full vertex, gI” corresponds
to Figs. 5(b) and (c), respectively.

Relations (A. 1) and (A. 2) are invariant under the multiple
renormalization such as

G —> —I—G, G — —IG0 R
Z; Z,

n-2tn, m--Ltm,
Zi» 1,2

& — 7278, (A.3)

where the index i refers to the i-th element.
The Green’s function G is formally written as

ap) (A.4)

for which the transformation (A. 3) is interpreted in such
manner,

1
d(T/'{Za t/AZ,gAZ) = E_d(T//lla t//{l’ g/ll) . (A5>
1
Strictly speaking, G and I" depend on quantities with the
dimension of energy, i.e., on &, &, T (temperature) and ¢
(transfer integral). However, we note explicitly only T and t.
We are allowed to set, without loss of generality, as

d(l, t/A, g)=1. (A. 6)
Then, putting T=4, in Eq. A. 5, we get
Zy=d(A/ M, t/ Ay, g11), (A7)
and similarly
[Tk, Yo, y) = Z-T(Tanyh g) - (AB)
i,2
Putting T=4, in Eq. A. 8, we obtain
_ (A tAL g)
Zip= ST O A9
S (N7 (A9
Relations (A. 7) and (A. 9) enable us to lead
8i, i = gi‘/h dz(/iz/'ll’ t/’ll’ g/h) ——-—E(AZ/AI’ t//h,g/h) . (A 10)

E(la t//l29g/12)

What we want to prove is invariant character of the right-
hand side of Eq. A. 10 under a scale transformation.
To this end, inserting Eq. A. 7 into Eq. A. 5, and also Eq.
A. 8 into Eq. A. 9, we obtain

— d(T/A, t/AL, &)
A(T/ 2y, t/2g, g1)= —LLLYALSA) A1l
2 S A esAn A, g4,) .10

L(T/A2s tfher &) _ TH(T/Aw YA, g)
n(l’t//lzv g,{z) H(AZ/AH t/"l) g/ll) ’

Here we put

(A.12)

I, t/2, g)=1. (A. 13)

This assumption is not always necessary, but will be met in
practical cases. From Eqgs. A. 11 and A. 12, we obtain
dZ( T/'12: t/AZv glz) 1—'1( T/AZ’ t/AZ) g‘-z)
X dz(lz/ll, t/).l, g,ll) I"i(/{z/ll, t/'ll’ g/ll)gi, A

=g 3, dXT/ A, t/ Ay, @) T(T/ 2, t/21, g1,)- (A. 14)
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If we use Eq. A. 10 in the left-hand side of Eq. A. 14, we have

g, Azdz(T/)'Z’ t/)'Z’ glz)[‘i(T/lZ: t/AZr glz)

=g ;,ldz( T/ Ay, /2, @) T(T/ Ay, 8/, 82)- (A. 15)

This relation is nothing but the invariant character which
we have intended to show. We call the above quantity the
invariant coupling:

8dT/A, t/, g2)=dX T/, t/A, g)(T/A, t/A, g1)gia

(A. 16)
Now introducing new variables:

y=T/A, u=t/A, t=A~A/A, (A. 17)

we get from Eq. A. 15,

iy, u, 8) =d*(y, u, &)(y, w, 8)gi
=d%(y/t, w/t, g,)li(y/t, w/t, g,)8i 4, (A.18)
where we put

gn=g (A. 19)

Since we can rewrite g 1, in Eq. A. 18, by the use of Eq. A.
10, as

8i, 4, :gidZ(t, u, g)ri(t} u, g)
=§i(t’ u, g),

substituting this into Eq. A. 18, we can obtain

(A. 20)

gi()’; u, g)=d2(y/t: u/t’ g(t’ u, g))I'}(y/t, u/tr g(t: u, g))

Xgi(t, u, g). (A. 21)
Observing Eq. A. 16, we can rewrite the above as
gi(y: u, g):é’,’('y/t, u/t, éi(t, u, g)) (A 22)

This is a really beautiful functional equation.

In view of a practical use, a form of differential equation is
preferable: Differentiating Eq. A. 22 with respect to Yy,
followed by putting t=y, we obtain

d = i
Sy (w8 = o€
with the boundary condition, Eq. A. 19. In order to get g;
through Eq. A. 23, we begin with calculating g in the right-
hand side by the perturbation method. Then solving the
differential equation Eq. A. 23, we get g; being improved to
be invariant under the operations of the renormalization
group.

Another differential equation satisfying g; is obtained by
differentiating Eq. A. 22 with respect to t, followed by
putting t=1:

y (& u/y, g(v,u,8)) em1  (A23)

3 3 agi(t,u, 8, 9=
0 _ 5 98Lw8)  9\siy iy g)=0.
{yay tu ; Fra 1agj}g,(y u,g)
(A.24)

Similar treatments are possible for d and I. From Eqgs. A.
11, A. 12, and A. 13 we obtain
d(y, u, g)=d(y/t, u/t, §(t, u, g))d(t, u, g)  (A.25)
and

Id(y, u, g)=I(y/t, u/t, g(t, u, @)I(t, u, g). (A.26)

If we differentiate logarithms of both side of Eq. A. 26 with
respect to ¢, and then put t=y, the results are
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y% In d(y,u,g) = 5% In d(&, /9,834, 8)) le=1
(A27)

and

'y% In (Y, u, 8 = :9% InIi(&, u/y, §(y,4,8)) le=1 .
(A.28)

An entirely analogous analysis will be done for the exter-
nal vertices. These will be transformed, together with ones
in Eq. A. 3, as

1
Zis
which is interpreted as a scale transformation:

1
Zi3

4; — A; (A.29)

AT/, /2, 8;) = A(T/A, t/A, &) - (A30)

In the same way as in Eq. A. 13, we assume
AL, /2, g)=1. (A. 31)

If we put T=4, in Eq. A. 30, and use Eq. A. 31, it follows
that

Zi 3= Ai(Ay/ My, t/ Ay, 1)) (A. 32)
Substituting this in Eq. A. 30, we obtain
AT/ Ay, t/ Ay, 82)
= AT/ Ay, t/2g, @) AR/ A, /31, g1).  (A. 33)

By the use of Egs. A. 17, A. 19, and A. 20, we can rewrite Eq.
A. 33 as

Ai(y, u, g)=Ai(y/t, u/t, g(t, u, g))A4i(t, u, g). (A. 34)

If we differentiate this with respect to y and put t=y, we
obtain the result similar to Egs. A. 27 and A. 28,

y% In 4(y, u, g) = % In A:(&,4/y, E35 6, ) ¢ -
(A.35)

We can easily realize the transformation characters given
by Egs. A. 3 and A. 29 by use of the perturbation expansions
of the correponding quantities.
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